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Resumen

Un continuo es un espacio métrico, compacto, conexo y no vacio. Un con-
tinuo es llamado contractil si existe una funcién continua H : X x [ — X
tal que H(z,0) = z y H(z,1) = p para algin p € X. La contractibilidad
de un continuo es una propiedad que ha sido ampliamente estudiada y de la
que se pueden deducir propiedades topologicas interesantes como la unicohe-
rencia y la arco-conexidad. Dos generalizaciones naturales del concepto de
contractibilidad son la g-contractibilidad y la pseudo-contractibilidad, dichas
nociones son objeto de investigacion de diversos autores. En este proyecto de
investigacion se da una generalizacion de los conceptos antes mencionados la
cual es llamada g-pseudo-contractibilidad. Al ser un nuevo concepto dentro de
la Teria de Continuos, en este trabajo se presentan propiedades generales de
dicho concepto. Ademés se dan respuestas parciales a la siguiente pregunta
.bajo qué condiciones un continuo es o no es g-pseudo-contractil?.
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1. Introduction

A continuum is a nonempty compact connected metric space. A continuum is contractible provided that
the identity map is homotopic to a constant map. Contractibility is one of the most important topolog-
ical properties in general topology and it has been considered by several authors. Recently, two natural
generalizations of this concept have been studied, namely, g-contractibility and pseudo-contractibility.

A continuum X is g-contractible provided that there exists an onto map f from X to X such that f is
homotopic to a constant map. Notice that each contractible continuum is g-contractible but the converse
of this statement fails. D. Bellamy in [1] defined g-contractibility mainly to study which continua are both
continuous image and continuous preimage of the Cantor fan. The interested reader is referred to [1], [3],
(8], [14].
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On the other hand, R. H. Bing introduced the concept of pseudo-contractibility. A continuum is pseudo-
contractible provided that its identity map is pseudo-homotopic to a constant map. Notice that all con-
tractible continuum is pseudo-contractible. W. Kuperberg gave the first example to show that notions of
contractibility and pseudo-contractibility are different. Interesting properties of this concept are presented
in [2], [4], [5], [6], [9], [11] and [15].

Now, in connection with both concepts, in this paper, we introduce the notion of g-pseudo-contractibility.
A continuum X is g-pseudo-contractible if there exists an onto map from X to X pseudo-homotopic to
a constant map. Every g-contractible continuum is g-pseudo-contractible and every pseudo-contractible
continuum is g-pseudo-contractible. So, every contractible continuum is g-pseudo-contractible. The aim of
this paper is to present general results related to g-pseudo-contractibility.

Finally, in [4] the concept of pseudo-contractibility with respect to is introduced. The authors gave general
facts related to this concept and it is used to get some results concerning pseudo-contractibility and other
properties. Here, we bring to light the concept g-pseudo-contractibility with respect to and we give general
facts about it.

The current paper is divided in five sections. After Introduction and Preliminaries, in Section 3, we
present aspects derived from the g-pseudo-contractibility. Some of our results are that being g-pseudo-
contractible continuum does not imply neither being pseudo-contractible continuum nor being g-contractible
continuum, the g-pseudo-contractibility is a productive property but we show a non-g-pseudo-contractible
continuum W such that W x I is g-pseudo-contractible. Section 4 is dedicated to extend the notion of
pseudo-contractibility with respect to and general results are proved. Finally, in Section 5, we give examples
to see that the g-pseudo-contractibility is not invariant under the following classes of maps: open, monotone,
light and retractions.

2. Preliminaries

We denote by N the set of all positive integers. A map means a continuous function between topological
spaces. The interval [0, 1] is denoted by I. Let f and g be maps between topological spaces X and Y. The
maps f and g are called pseudo-homotopic provided that there exist a continuum C, points a,b € C and
amap H : X x C = Y such that H(z,a) = g(z) and H(x,b) = f(x); in this case the map H is called a
pseudo-homotopy between f and g. If there exits a map H : X x I — Y satisfying that H(x,0) = f(z) and
H(x,1) = g(z), then we say that f and g are homotopic, and the map H is called a homotopy between f
and g. Each map pseudo-homotopic (homotopic) to a constant map is called null-pseudo-homotopic (null-
homotopic).

3. Main results
A continuum X is said to be:
e Contractible if the identity map on X is null-homotopic.
e Pseudo-contractible if the identity map on X is null-pseudo-homotopic.
e g-contractible provided that there exists a null-homotopic map from X onto X.

o g-pseudo-contractible provided that there exists a null-pseudo-homotopic map from X onto X.

Into the following result is presented all possible relationships among these concepts.

Theorem 3.1. Let X be a continuum.

1. If X is contractible, then X is g-contractible.
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Fig. 1. Continuum Y of Example 3.3.

Fig. 2. Continuum X of Example 3.4.

2. If X is contractible, then X is pseudo-contractible.
3. If X is g-contractible, then X is g-pseudo-contractible.
4. If X is pseudo-contractible, then X is g-pseudo-contractible.

The following examples show that the concepts are not equivalent.

Example 3.2. By [3, Remark 2.15, p. 464], each locally connected continuum is g-contractible. On the
other hand, [10, Lemma 19.4, p. 156] and [10, Lemma 19.7, p. 158] together imply that each contractible
continuum is unicoherent (unicoherent means that the intersection of each two of its subcontinua whose
union is the continuum is connected). Thus, we can conclude that the unit circle S! is g-contractible but it
is not contractible. This proves that the converse of (1) in Theorem 3.1 fails.

The continuum described below is the classical example to show that the converse of (2) of Theorem 3.1
does not hold. We repeat it here to see that the converse of (3) of Theorem 3.1 is not true too.
Example 3.3. In the complex plane C, let R = {ii—?e” :t € [0,00)} be a spiral approaching to the unit circle
and let D = {re' : r € [0,1],¢ € [0,27]} be the unit disc. Set Y = RUD (see Fig. 1). W. Kuperberg showed
that the continuum Y is pseudo-contractible but it is not contractible. On the other hand, it is well known
that every g-contractible space is arcwise connected (see [3, Remark 2.10, p. 463]). Since Y is not arcwise-
connected, it can not be g-contractible. From (4) of Theorem 3.1, it follows that Y is g-pseudo-contractible.
This implies that the converse of (3) of Theorem 3.1 fails.

We now prove that the converse of (4) in Theorem 3.1 fails.

Example 3.4. In the complex plane C, let Y = RU D be the continuum described in Example 3.3, we define
ST ={3+et:te[0,n]}and S~ ={3+¢€" :t € [r2n]}. Let S = ST US™ be the unit circle centered
in 3+ 0i. Set X =Y US (see Fig. 2). Notice that X is not unicoherent. From [4, Corollary 56, p. 68], the
continuum X is not pseudo-contractible. In order to prove that X is g-pseudo-contractible, let f: X — X
be defined by:
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x, ifrey,
flx) =14 3430 if z =34t € ST,
3+ei(’2t+”), ifr=3+¢te S .

Let us show that f is onto. Let x € X. By definition of f It enough to assume that € S. Then, there
exists r € [—m, 7] such that @ = 3+ ¢"". Observe that t = 72 € [0,7] and f(3 + €') = x.

Now, we shall prove that f is null-pseudo-homotopic. Let E = {e®* : ¢ € [0,27]} U {re®® : 0 <r < 1} be
the union of the unit circle and one of its radius, and let J = {reio : 2 < r < 3} be the convex segment
between 2 4 0i and 3+ 0i in C. Set F = RU E and C' = F'U J. Notice that the space C is a continuum.

The function H : X x C — X defined by:

t+s+2 i(t+s)

e , if (z,c) = (H2e', ££2e’) € R x R,
maz{||z||,||c|], 1}~ - ze, if (x,¢) € (D x F)U(Y x E),
c, if (x,c) € S X F,
Hw,c) = z, if (z,c) €Y x J,
3 + eil(r=2)(2t=3m)] if (z,¢) = (3 + €', re?) € ST x J,
3 + etl(r=2)(=2t+m)] if (z,¢) = (3+ €', 7e%) € S~ x J,

is a pseudo-homotopy between f and a constant mapping.

The following remarks follow immediately from the definition of g-contractibility and g-pseudo-
contractibility. We will use them along of this paper without mentioning them explicitly.

Remark 3.5. A continuum X is g-contractible if and only if there exists a map H : X x I — X such that
H(X x{0}) =X and H(X x {1}) = {p} for some p € X.

Remark 3.6. A continuum X is g-pseudo-contractible if and only if there exist a continuum C, points a,b € C
and a map H : X x C — X such that H(X x {a}) = X and H(X x {b}) = {p} for some p € X.

Theorem 3.7. Let X be a continuum. Then X is g-pseudo-contractible if and only if there exist a continuum
C, points a,b € C and a map f: X x C/(X x {b}) = X such that f(m(X x {a})) = X, where 7w denotes
the quotient map from X x C to X x C/(X x {b}).

Proof. Suppose that X is g-pseudo-contractible. Then, there exist a continuum C, points a,b € C and
amap H : X x C — X such that H(X x {a}) = X and H(X x {b}) is a singleton point of X. The
Transgression Theorem [7, Theorem 3.2, p. 123] ensures that the composition H o 77! is a map. We define
f:XxC/(Xx{b}) = X by f=Hor ! Thus, f(mr(X x{a})) = Hor ! (n(X x{a})) = H(X x{a}) = X.

Now, we assume that there exist a continuum C, points a,b € C' and a map f: X x C/(X x {b}) = X
such that f(7n(X x {a})) = X. Let H : X x C — X be the map defined by H(z,c) = (f om)(z,c). Thus,
H(X x {a}) = f(7(X x {a})) = X and H(X x {b}) = f(7(X x {b})) is a singleton point in X. Therefore,
X is g-pseudo-contractible. 0O

Recall that the quotient space X xI/(X x{1}) is denoted by Cone(X) and the subset X x {0} of Cone(X),
denoted by B(X), is called the base of the cone. Similar arguments used in the proof of Theorem 3.7 can
be used to show the following result. Compare with [3, Remark 2.10, p. 463].
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Theorem 3.8. Let X be a continuum. Then, X is g-contractible if and only if there exists an onto map
f:Cone(X) = X such that f(B(X)) = X.

Notation 3.9. Given a continuum C and points a,b € C, we will say that X is g-pseudo-contractible with
factor space C(a, b) if there exists a map H : X x C' — Y such that H(X x {a}) = X and H(X x {b}) = {p}
for some p € X. If there is not confusion, we say that X is g-pseudo-contractible with factor space C.

Lemma 3.10. Let X, C and D be continua. If X is g-pseudo-contractible with factor space C(a,b) and there
exists a map f: D — C such that a,b € f(D), then X is g-pseudo-contractible with factor space D.

Proof. By our assumption, there exists a map H : X xC' — X such that H(X x{a}) = X and H(X x{b}) =
{p} for some p € X. Now, there exist ¢,d € D such that f(c) =a and f(d) =b. Let G : X x D — X be the
map defined by G(z,t) = H(x, f(t)). Observe that G(X x {c}) = H(X x {f(c)}) = H(X x {a}) = X and
G(X x{d}) = HX x {f(d)}) = H(X x {b}) = {p}. In conclusion, X is g-pseudo-contractible with factor
space D. O

The next results follow immediately from Lemma 3.10.

Theorem 3.11. Let X, C and D be continua. If X is g-pseudo-contractible with factor space C' and C is
continuous image of D, then X is g-pseudo-contractible with factor space D.

Theorem 3.12. Let X and C be continua. If X is g-pseudo-contractible with factor space C(a,b) and D is
a subcontinuum of C containing a and b, then X is g-pseudo-contractible with factor D. Moreover, X is
g-pseudo-contractible with factor I(a,b), where I(a,b) is an irreducible continuum between a and b.

Theorem 3.13. If X is g-pseudo-contractible with factor space C(a,b) and there exists an arc component of
C containing a and b, then X is g-contractible.

Corollary 3.14. If X is g-pseudo-contractible with factor C and C is arcwise connected, then X is g-
contractible.

The Urysohn’s Lemma ensures that the unit interval is continuous image of any continuum. Thus, we
obtain the following result.

Theorem 3.15. Let X be a continuum. If X is g-contractible, then X is g-pseudo-contractible with any factor
space.

Two continua X and Y are said to be continuously equivalent if there are two onto maps : X — Y and
p:Y — X.

The following results can be compared with [4, Corollary 15, p. 61] and [3, Remark 2.15, p. 464], respec-
tively.

Theorem 3.16. Let X, C and D be continua such that C' is continuously equivalent to D. Then, X is g-
pseudo-contractible with factor space C if and only if X is g-pseudo-contractible with factor space D.

Theorem 3.17. Let X and Y be continua such that X is continuously equivalent to Y. Then X is g-pseudo-
contractible if and only if Y is g-pseudo-contractible.

Proof. By hypothesis, there exist onto maps o : X — Y and v : Y — X. Suppose that X is g-pseudo-
contractible. Then, there exist a continuum C, points a,b € C and a map H : X x C — X satisfying
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H(X x{a}) =X and H(X x {b}) = {p} for some p € X. Now, let G:Y x C' — Y be the map defined by
G(y,t) = a(H(v(y),t)). Observe that G(Y x {a}) = a(H(y(Y) x {a})) = a(H(X x {a})) = a(X) =Y and
G(Y x{c}) =a(H(Y) x{c})) = a(H(X x {c})) = {a(p)}. Therefore, Y is g-pseudo-contractible. O

Observe that I is continuously equivalent to the umit circle S*. The continuum I is pseudo-contractible
(contractible) but the continuum S* is not pseudo-contractible (is not contractible) (see [4, Corollary 58,
p. 69]). This shows that the last theorem fails when we consider contractibility or pseudo-contractibility
instead of g-pseudo-contractibility.

Concerning to products we have that the g-pseudo-contractibility of continua is a productive property.
Compare with [3, Theorem 3.1, p. 464] and [4, Corollary 22, p. 62]

Theorem 3.18. If {X, },en @S a sequence of g-pseudo-contractible continua, then [[ X, is g-pseudo-
neN
contractible.

Proof. By hypothesis, for each n € N, there exist a continuum C,, points a,, b, € C, and a map H, :
X, x C,, — X, such that H,(X,, x {a,}) = X,, and H,(X,, x {bp}) = {pn} for some p,, € X,,. Since C,, is
a continuum for each n € N, we have that [[ C,, is a continuum. Now, we define H : [[ X, x [[ Cn —

neN neN neN
IT Xn by H((2n)neN, (¢n)neN) = (Hp(Zn, cn))nen- The map H satisfies that H( [ X X {(an)nen}) =
neN neN
HN(HYL(Xn X {an}))neN = HN Xp and H( HN Xn X {(bn)nen}) = HN(HH(XH X {bn}))neN = {(Pn)nen }-
ne ne ne ne
Therefore, [[ X, is g-pseudo-contractible. O

neN

In Section 5, we show that there exists a non g-pseudo-contractible continuum W such that W x I is
g-pseudo-contractible. Thus, the converse of Theorem 3.18 is not true.

Corollary 3.19. If X is a g-pseudo-contractible continuum, then

1. X™ is g-pseudo-contractible for each n € N.
2. X x I is g-pseudo-contractible.

3. TI Xn is g-pseudo-contractible where X, = X for each n € N.
neN

The following lemma will be used in the next theorem.

k
Lemma 3.20. Let X be a continuum and let By, ..., By be subcontinua of X such that X = |J B;. If for
i=1
each i € {1,...,k} there exist maps H; : X x I — B; and G; : X x I — B; satisfying H;(X x {0}) = B; =
Gi(X x {0}) and for each i <k —1, Giy(x,1) = Hiy1(x,1) for each x € X and Gx(X x {1}) is a singleton
of X, then there exists an onto map G : Cone(X) — X.
Proof. We define F': X x I — X by

Hi(z,2(kt +1—14)), ifte[22 2] i<k,

P 2k ' 2k —
t) = ) .
(%) Gi(z,2(i — kt)), ifte 22 2] i<k

Notice that for each i € {1,...,k — 1},

(eafs (552 -0 <o (52)
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and

(s (3)) s oo (252) )

k

Hence F is well defined. Because for each i € {1,...,k}, H; and G; are onto maps and X = |J B;, F
i=1

is an onto map. Finally, let G : Cone(X) — X be a map defined by G = F o 7!, where 7 denotes the

quotient map from X x I to Cone(X). O

A condition under which the product of a continuum X and the interval I is g-contractible is exhibited
in the next result by showing X x I can be g-contractible although X is not.

Theorem 3.21. Let X be a continuum. If there exist g-contractible subcontinua B, ... By of X such that each

k
one of them is continuous image of X and X = |J By, then X x I is g-contractible.
i=1

k
Proof. Since X = |J B;, for each i € {1,...,k — 1} we can suppose that B; N\ B;11 # 0, let b; € B; N B;11.

Let i € {1,.. .,k}.l 'll‘he fact that B; is g-contractible implies that there exist onto maps F; and T; from
B; x I onto B; such that F;(X x {0}) = B; = T;(X x {0}) and F;(x,1) = b;, T;(x,1) = b;_; for each x € B;
(see [3, Theorems 2.11 and 2.13, p. 463]). Let f; : X — B; be onto maps. We define G; : X x I — B; by
Gi(z,t) = Fi(fi(z),t) and H; : X xI — B; by H;(z,t) = T;(fi(z),t). Thus, G;(X x{0}) = B; = H;(X x{0})
and G;(z,1) = b;, Hi(x,1) = b;_y for each x € X. Thus, from Lemma 3.20, there exists an onto map
G : Cone(X) — X. Applying [3, Corollary 3.7, p. 465], we conclude that X x I is g-contractible. O

Observe that the condition: B is continuously equivalent to C' implies that A x B is continuously equivalent
to A x C. Hence, the next result follows from the fact [ is continuously equivalent to each locally connected
continuum (see [13, Theorem 8.18, p. 128]).

Corollary 3.22. Let X be a continuum and let L be a locally connected continuum. If there exist g-contractible

k
subcontinua By, ... By of X such that each one of them is continuous image of X and X = |J B;, then X X L
i=1

is g-contractible.

We do not know if Theorem 3.21 and Corollary 3.22 can be extended to g-pseudo-contractibility when
the factor spaces are not continuous image of the interval I.

4. g-pseudo-contractibility with respect to

Let X,Y and Z be topological spaces and let &« : X — X and v:Y — Y be onto maps. We say that:

o the map v l-p-nulls Z (I-nulls Z) provided that for each map f: Z — Y, vyo f is null-pseudo-homotopic
(null-homotopic),

o the map a r-p-nulls Z (r-nulls Z) provided that for each map f : X — Z, foa is null-pseudo-homotopic
(null-homotopic),

o the ordered pair (a,v) p-nulls (nulls) provided that for each map f: X — Y, yo f o a is null-pseudo-
homotopic (null-homotopic).
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The space X is called left g-pseudo-contractible with respect to'Y (left g-contractible with respect to Y') if
there exists an onto map v : Y — Y such that 4 l-p-nulls X (I-nulls X). We say that X is right g-pseudo-
contractible with respect to'Y (right g-contractible with respect to Y ) if there exists an onto map o : X — X
such that a r-p-nulls Y (r-nulls V). If there exist onto maps  : X — X and v : Y — Y such that («,7)
p-nulls (nulls), then X is said to be g-pseudo-contractible with respect to'Y (X is g-contractible with respect
toY).

Let X and Y be spaces. We say that X is pseudo-contractible (contractible) with respect to Y provided
that every map f : X — Y is null-pseudo-homotopic (null-homotopic). Thus, X is pseudo-contractible
(contractible) with respect to Y if and only if (idx,idy) p-nulls (nulls).

Proposition 4.1. Let X be a continuum. Then, X is g-pseudo-contractible (g-contractible) if and only if X
is g-pseudo-contractible (g-contractible) with respect to itself.

Observe that each null-homotopic map is null-pseudo-homotopic. Thus, the following result holds.

Theorem 4.2. Let X andY be continua. If X is contractible with respect toY , then X is g-pseudo-contractible
with respect to Y .

The following lemma will be used in the proof of the most important results of this section, without
mention it explicitly.

Lemma 4.3. Let X,Y,Z and W be topological spaces and let f : X — Y, g9g:Z — X and h: Y — W be
maps. If f is null-pseudo-homotopic, then ho f, fog and ho f o g are null-pseudo-homotopic.

Proof. Since f is null-pseudo-homotopic, there exist a continuum C, points a,b € C'and amap H : X xC —
Y satisfying H(z,a) = f(z) and H(x,b) = p for some p € Y. Defining the maps F' : XxC — W, G : ZxC —
YandT: ZxC — W by F(x,t) = h(H(z,t)), G(z,t) = H(g(2),t) and T'(z,t) = h(H(g(z),t)), respectively,
we can see that F(x,a) = (ho f)(x), F(z,b) = h(p),G(z,a) = (fog)(2),G(2,b) =p,T(2,a) = (ho fog)(z)
and T'(z,b) = h(p). Thus, ho f, fog and ho f o g are null-pseudo-homotopic. O

As a consequence of Lemma 4.3, we have the following results.

Theorem 4.4. Let X andY be continua. If X is either right g-pseudo-contractible or left g-pseudo-contractible
with respect to Y, then X is g-pseudo-contractible with respect to Y .

Proof. Assume that X is right g-pseudo-contractible. Let f be an onto map. By hypothesis, there exists an
onto map « : X — X such that a r-p-nulls Y. Thus, f o « is null-pseudo-homotopic. Applying Lemma 4.3,
we conclude that («,idy) p-nulls. Therefore, X is g-pseudo-contractible with respect to Y. 0O

Corollary 4.5. Let X be a continuum. If X is either right g-pseudo-contractible or left g-pseudo-contractible
with respect to itself, then X is g-pseudo-contractible.

Theorem 4.6. Let X be a continuum. The following statements are equivalent:

1) X is g-pseudo-contractible (g-contractible).

2) X is right g-pseudo-contractible (right g-contractible) with respect to'Y for each continuum Y .

4) X is g-pseudo-contractible (g-contractible) with respect to Y for each continuum Y .

)
)
3) Z is left g-pseudo-contractible (left g-contractible) with respect to X for each continuum Z.
)
5)

Z is g-pseudo-contractible (g-contractible) with respect to X for each continuum Z.
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Proof. First, we shall prove that (1) implies both (2) and (3). Assume that X is g-pseudo-contractible.
Thus, there exist a null-pseudo-homotopic onto map g : X — X. In order to show (2), let Y be a continuum
and let f: X — Y be a map. Then, the map fog is null-pseudo-homotopic. Thus, g r-p-nulls Y. Now, let us
prove (3). Let Z be a continuum and let o : Z — X be a map. Then, the map goh is null-pseudo-homotopic.
We conclude that g I-p-nulls Z. On the other hand, we apply Theorem 4.4 to conclude that (4) is implied
by (2) and (5) is implied by (3). Finally, by Proposition 4.1 taking Y = X = Z, each one of the statements
(4) and (5) implies (1). O

Corollary 4.7. Let X be a continuum. If X is right g-contractible (left g-contractible) with respect to itself,
then X is g-contractible.

Theorem 4.8. Let X, Y and D be continua. If X is right g-pseudo-contractible (right g-contractible) with re-
spect to'Y and D is continuously equivalent to X, then D is right g-pseudo-contractible (right g-contractible)
with respect to Y.

Proof. Let «: X — X, p: X — D and p: D — X be onto maps such that a r-p-nulls Y. We claim that
the map poaop from D onto D r-p-nulls Y. To see this, let f: D — Y be a map. Because the map f o pu
is defined from X to Y, the map (f o p) o v is null-pseudo-homotopic. From this, it follows that fopuoaop
is null-pseudo-homotopic. This finishes the proof. O

Corollary 4.9. Let X and Y be continua. If X and Y are continuously equivalent and X is right g-pseudo-
contractible (right g-contractible) with respect to Y, then X and Y are g-pseudo-contractible (g-contractible).

Theorem 4.10. Let X, Y and D be continua. If X is left g-pseudo-contractible (left g-contractible) with
respect to'Y and D is continuously equivalent to'Y, then X is left g-pseudo-contractible (left g-contractible)
with respect to D.

Proof. Assume that v:Y — Y is an onto map in such a way ~ l-p-nulls X. By hypothesis, there exist onto
maps i :Y — D and p: D — Y. We shall prove that the map po~vyop from D onto itself I-p-nulls X. Let
f: X — D be a map. Since po f is a map from X into Y, yo (po f) is null-pseudo-homotopic. This implies
that g o~y o po f is null-pseudo-homotopic. O

Corollary 4.11. Let X and Y be continua. If X is left g-pseudo-contractible (left g-contractible) with respect
to Y and X and Y are continuously equivalent, then X and Y are g-pseudo-contractible (g-contractible).

Let X be a topological space and let A be a closed subset of X. A map r: X — A is a retraction provided
that 7|4 is the identity map on A. The set A is called a retract of X. We say that A is a deformation retract
of X or A is a pseudo-deformation retract of X if there exists a retraction r : X — A which is homotopic
to the identity map on X or is pseudo-homotopic to the identity map on X, respectively.

Theorem 4.12. Let X, Y be continua and let A be a retract of X. If X is left g-pseudo-contractible (left
g-contractible) with respect to' Y, then A is left g-pseudo-contractible (left g-contractible) with respect to'Y.

Proof. Let v:Y — Y be an onto map that l-p-nulls X. We shall prove that v I-p-nulls A too. Let h: A =Y
be a map. Let 7 : X — A be a retraction, let C' be a continuum and let H : X x C' — Y be a pseudo-
homotopy between 7 o (h o r) and a constant map [ : X — Y. Then, the restriction map H|axc is a
pseudo-homotopy between the maps yo h and [|4. O

Let X and Y be topological spaces such that X N Y = (). Given w € X and u € Y, the quotient space
obtained by the partition
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Hw,u}U{{z} 2 € XUY \ {w,u}}

of the free union of X and Y (see [13, Definition 3.17, p. 42] for the definition of the free union of two
spaces) will be denoted by (X, u) V (Y, w) and it is called the adjunction space.

It is well known that if X and Y are disjoint continua, then the adjunction space (X,w) V (Y,u) is a
continuum (see [13, Theorem 3.20, p. 43]).

Theorem 4.13. Let X, Y be continua and let A be a pseudo-deformation retract of X. Then, A is left
g-pseudo-contractible with respect to Y if and only if X is left g-pseudo-contractible with respect to Y .

Proof. Suppose that A is left g-pseudo-contractible with respect to Y, there exists an onto map v: Y — Y
such that + I-p-nulls A. In order to prove that v also l-p-nulls X, we consider a map f : X — Y. Since 7 l-p-
nulls A, there exist a continuum C, points u,v € C' and amap G : AxC — Y such that G(a,u) = vof |4 (a)
and G(a,v) =1 for some [ € Y. On the other hand, from our assumption on A, it follows that there exist a
retraction r : X — A, a continuum D, points z,w € D and a map F : X x D — X satisfying F(x,2) = x
and F(z,w) = r(x).

We may assume that C N D = . We define H : X x ((C,u) V (D,w)) =Y by

V(f(F(z,1)), ifteD,
H(z,t) =
G(r(x),t), ifted,

to get a pseudo-homotopy between v o f and [. Therefore, v l-p-nulls X.
On the other hand, by Theorem 4.12 the part “only if” holds. O

Theorem 4.14. Let X, Y be continua and let B be a retract of Y. If X is right g-pseudo-contractible (right
g-contractible) with respect to' Y, then X is right g-pseudo-contractible (right g-contractible) with respect to
B.

Proof. Let us prove that each map from X onto itself which r-p-nulls Y, r-p-nulls B too. Let a : X — X
be an onto map such that r-p-nulls Y and let h : X — B be a map. Now, since h o « is a map from X to
Y, there exists a pseudo-homotopy H between h o @ and a constant map [. By hypothesis there exists a
retraction r : Y — B. Then, the map r o H is a pseudo-homotopy between h o« and the constant map rol.
Thus, a r-p-nulls B. O

Theorem 4.15. Let X, Y be continua and let B be a pseudo-deformation retract of Y. Then, X is right
g-pseudo-contractible with respect to B if and only if X is right g-pseudo-contractible with respect to Y.

Proof. The only if part is given by Theorem 4.14. To prove the if part, let a : X — X be an onto map such
that a r-p-nulls B. We will prove that « r-p-nulls Y too. Let f be a map from X into Y. By hypothesis,
there exist a retraction r : ¥ — B, a continuum D, points z,w € D and a map G : Y x D — B such
that G(y, z) = y and G(y,w) = r(y) for each y € Y. On the other hand, there exist a continuum C, points
u,v € C'and amap F : X x C' — B such that F(x,u) = r(f(a(x))) and F(z,v) =1 for each x € X and for
some | € B.

We may assume that C N'D = 0. We define H : X x ((C,u) V (D,w)) — Y a pseudo-homotopy between
foaand [ given by

G(f(a(x)),t), ifte D,
H(z,t) =
F(x,t), ifteC.
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Fig. 3. Continuum W of Example 5.1.

In conclusion, o r-p-nulls Y. 0O
5. Maps and g-pseudo-contractibility

Given a topological property P and a class M of maps, we say that P is invariant under the class M
provided each onto map f: X — Y with f € M if X has P then Y has P.
Let X, Y be continua. An onto map f: X — Y is said to be:

— Open, provided that the image of each open subset of X under f is an open subset of Y.
— Monotone if the pre-image of each point of Y is connected.
— Light, if for each point of Y, every component of its pre-image is degenerate.

This section is dedicated to show that the property of being g-pseudo-contractible is not invariant under
retractions, open maps and the property of not being g-pseudo-contractible is not invariant under retractions,
open maps and monotone maps. We will use the following notation and definitions. Let {4, },en be a
sequence of subsets of a space X. We define the limit inferior of {A,},cn, denoted by liminf A4,, as the set
of all z € X such that there exists a sequence {2, },en in X converging to z with z,, € A, for every n € N.
Let X be a continuum and let ¥ be a subset of X. We denote by NLC(Y') the set of all points of Y at
which X is not locally connected. Also, diam(Y") will denote the diameter of the subset Y. Finally, the set
of all components of Y in X will be denoted by comp(Y). If u,w € R?, we denote by uw the straight line
segment with endpoints v and w. We define ¢ : R? — R? as the map obtained by the reflection through the
origin.

The continuum W below appears in [3], here it is described for our purposes.

Example 5.1. Continuum W: Let a = (—1,0), p = (0,0) and d,, = (0, 1) for each n € N. Let Fp be the
Harmonic Fan defined by:

Fy = (U adn> U ap.

neN

Let {D,}.en be a sequence of continua which are homeomorphic to Fy such that {diamD,},en con-
verges to 0. We define the continuum Xy by:

XH:FHU<U Dn>.

neN

Where we identify the vertex of D,, with d,,.
The continuum W is defined by W = X U ¢(X ) (See Fig. 3.)
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Proposition 5.2. The continuum W described in Definition 5.1 is not g-pseudo-contractible.

Proof. Suppose that W is g-pseudo-contractible. Then, there exist a continuum C|, points ¢,d € C, an onto
map g : W — W and a pseudo-homotopy H : W x C — W satistying H(z,c) = g(x) and H(x,d) = for
some [ € W.

Let U = W\ {a,¢(a)}. For each n € N, let Ca,—1 = D,, U (ad,, \ {a}) and Cs,, = ¢(Dn) U (é(a)p(dy) \
{¢(a)}). Thus, U is an open subset of W, {C}, }nen is a sequence of components of U and lim inf C,, = {p}.

Claim 1. There exists a sequence {p, }nen in W such that lim p,, = p and p,, € g~(C,,) for each n € N.

For each n € N, let Lo,y = NLC(D,,), La, = NLC(¢(D,,)) and Ly = NLC(a¢(a)). Observe that
NLC(W) = |J{Ly,, : n € NU{0}}. Now, we take w,, € L,, for each n € N. Then, {wy, }n,en is a sequence
such that limw,, = p. By [3, Lemma 4.11, p. 471], NLC(W) C g(NLC(W)). Then, there exists a sequence
{Pn}nen in NLC(W) such that g(p,) = w, € L, C C,. We will prove that lim p,, = p.

Assume that there exists m € N U {0} such that J = {n € N : p, € L,,} is an infinite set. The
fact that L,, is an arc contained in W implies that g(L,,) is a local connected subcontinuum of W such
that {w, : n € J} C g(L,,), a contradiction. Thus, if m € N U {0}, then J,, = {n € N : p,, € L,,,} is
either a finite set or an empty set. Let {m};>, be the increasing sequence consisting of all elements of
{m € N : J,, #0}. Now, let p > 0. Then, there exists kg € N such that L,,, C (—p,p) x (—p, p) for each
k > ko. Finally, let N = max | J{Jm, : k < ko}. We shall prove that p,, € (—p, p) x (—p, p) for each n > N.
Observe that if j < ko and n € N is such that p, € Ly, then n € Jp,;, € U{Jm, : k¥ < ko} and so n < N.
Hence, we conclude that if n > N and j € N are such that p,, € L,;, then j > ko and this implies that
Pn € Lim,; € (—p,p) x (—p, p). Therefore, lim p, = p. The proof of Claim 1 is finished.

Let & > 0 such that d(p, W\U) = min{d(p,z) : © € W\U} > e. From the fact that H is uniformly continu-
ous map, it follows there exists ¢ > 0 such that dy (H((z, s)), H(y,r))) < € provided dwxc((x, s), (y,7)) < 4.
Set P = {p} U{p, : n € N}. Suppose that diam(P) < §. Then, diam(H (P x {z})) < ¢ for each z € C. Set
V={teC:HP x{t}) CU}.

Claim 2. The set V is a non-empty open proper subset of C'.

First, notice that g(p) = p. Thus H(p,c) = p and H(pn,c) = g(pn) € Cp, C U. Therefore ¢ € V and
V # 0.

In order to prove that V' # C, we assume to the contrary that V = C. Then {I} = H(P x {d}) C U. Let
M € comp(U) such that [ € M. Let j € N. Notice that H({p;} x C) is a connected subset of U such that
1€ H{p;} x C) and H({p;} x C) C C;. Therefore, M = C;. Hence, M = liminf C,, = {p} C U. Thus, M
is a component of the open subset U of W whose closure is contained in U. This condition contradicts the
Boundary Bumping Theorem ([13, Theorem 5.7, p. 75]). Hence, V # C.

Now, we shall prove that V is an open subset of C. Let t € V. Then H(P x {t}) C U. Thus P x
{t} € H=Y(U). The continuity of H and the Tube Lemma ([12, Lemma 26.8, p. 168]) ensure that there
exist open subsets U; and Uy of W and C, respectively, such that P x {t} C U; x Uy € H~Y(U). Since
P x Uy CUy x Uy C HY(U), we obtain that ¢t € Uy C V. This concludes the proof of Claim 2.

Let Vy be the component of V' such that ¢ € V4. Since H({pn} X Vp) is a connected subset of U and
H(pn,c) = g(pn) € Cy, we have that H({p,} x Vo) C C,, for each n € N. Now, observe that if m € Vj,
then there exists a sequence {my,},en in Vp such that it converges to m and so {H(pn,Mn)}neN is a
sequence in W converging to H(p,m) and H(p,, m,) € H({p,} x Vp) for each n € N. Thus, H({p} x Vo) C
liminf H({p,} x Vo) C liminf C,, = {p}.

The fact that Vg is a component of V and the Boundary Bumping Theorem imply that Vo N (C'\ V) # 0.
Let t € Vo N (C\ V). Then, t € Bd(Vp) \ V. Thus, H(P x {t}) is not contained U, it follows that there
exists © € P such that H(x,t) ¢ U. Using the condition H(p,t) = p and the choice of e, we deduce that
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d(H (p,t), H(z,t)) > e. Since H is a uniformly continuous map and diam(P) < ¢, thus diam(H (P x{t})) < e.
This is a contradiction. Therefore, the continuum W is not g-pseudo-contractible. 0O

Proposition 5.3. The continuum W described in Example 5.1 fulfills each one of the following statements:

. W is not g-pseudo-contractible.
. W x I is g-pseudo-contractible.
There exists an open monotone retract from a g-pseudo-contractible continuum onto W.

There exists a light open map from W onto a contractible continuum.

1
2
3
4. There exists a monotone map from a contractible continuum onto W.
5
6. There exists a retraction from W onto a contractible continuum.

7

There exists a monotone map from W onto a contractible continuum.

Proof. The statement (1) was proved in Proposition 5.2. Invoke [3, Theorem 4.19, p. 473] and Theorem 3.1
to show (2).

In order to prove (3), let f : W x I — W be a map defined by f(w,t) = w for each (w,t) € W x I.
Notice that f is an open map and also f is a retraction from W x I onto W x {0}. From (2), W x I is
g-contractible.

Let us prove (4). Let Z be defined by Z = Xy U pp(a) U (¢(a) + ¢(Xg)). Notice that the continuum Z
is contractible. Let v : Z — «(Z) be the quotient map that result of collapsing the set p¢(a) to a single
point. Observe that v(Z) is homeomorphic to W. Therefore v(Z) is not g-contractible. Notice that v is a
monotone map. This proves (4).

Now we will prove (5). We consider 1 : W — X the map defined by n(w,y) = (w,y) if (w,y) € Xy and
n(w,y) = ¢(w,y) otherwise. The map 7 is a light open retraction and the continuum Xy is contractible.

Finally, let 0 : W — Xy be a map defined by o(w,y) = (w,y) if (w,y) € Xy and o(w,y) = p otherwise.
Notice that ¢ is a monotone retraction from W to Xp. This shows (6) and (7). O
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GR-SETS AND G-PSEUDO-CONTRACTIBILITY.

JosE G. ANAvA, FELIX CAPULIN, LUCERO MADRID-MENDOZA, AND DAviD MAYA

ABsTrAaCT. A topological space X is said to be g-pseudo-contractible
provided that there exist an onto map f : X — X, a continuum C,
points a,b € C and a map H : X x C — X such that H(z,a) = f(x)
and H(z,b) = p for some p € X. The main purpose of this paper
is to present conditions that obstruct g-contractibility and g-pseudo-
contractibility with respect to. In this sense, we introduce the notions
gR-set and gR-set with respect to and we present properties related to
these concepts.

1. Introduction

A continuum is a non-empty compact connected metric space. A contin-
uum is contractible provided that the identity map on itself is homotopic to a
constant map. A general problem in Continuum Theory is to give conditions
that imply the non-contractibility of a continuum, one of them is the exis-
tence of subsets that obstruct it. S. T. Czuba introduced in [7] the concepts of
Ri-continua (i = 1,2,3) in the class of dendroids in order to prove that each
dendroid containing some one of them is not contractible. W. J. Charatonik
in [6] extended Czuba’s results to the class continua; additionally, he proved
that if a continuum has an R’ continuum (i = 1,2, 3), then certain hyperspaces
contain some R'-continuum and as a consequence they are not contractible.
Finally B. S. Baik, K. Hur and C. J. Rhee introduced in [2] the concept of
Ri-sets. It is a natural generalization of Ri-continuum. Among other things,
they gave a relationship among R’-sets and they proved that the hyperspaces
2% and C(X) of continuum containing any one of the Ri-sets (i = 1,2, 3), also
contain some Ri-set. As a consequence, these hyperpaces are not contractible.

On the other hand, a continuum is g-pseudo-contractible provided that there
exists an onto map which is pseudo-homotopic to a constant map. The g-
pseudo-contractibility is a natural generalization of notions: contractibility,
pseudo-contractibility and g-contractibility and was introduced in [1I]. One
of the purposes of this paper is to wide the study of this concept was made
in [1] presenting conditions that imply the non-g-pseudo-contractibility of a
continuum which are related to R'-sets.
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After Introduction and Preliminares, in Section [3] we introduce the con-
cepts of a set g-pseudo-homotopically fixed and gR-set proving mainly that
every continuum containing a g-pseudo-homotopically fixed set is not g-pseudo-
contractible. In Section we use the concepts of left (right) g-pseudo-contractible
with respect to with the purpose of to introduce the notions of left (right) g-
pseudo-homotopically fixed subset of a space with respect to other one and
left (right) gR-set of a space with respect to other one and to prove some
relationship between them.

2. Preliminaries

We denote by I the unit interval of the real line and N denotes the set of
all positive integers. A map means a continuous function between topological
spaces. Let X be a topological space and let A be a subset of X. We will use
A and Bd(A) to represent its closure in X and its boundary in X, respectively.
The set of all components of A in X will be represented by Comp(A).

The identity map on a space Z is denoted by idz. Let f be a map between
topological spaces X and Y. If there exist a continuum C, points a,b € C' and
amap H : X x C — Y such that H(z,a) = f(z) and H(x,b) = p for some
p € Y, then f is called null-pseudo-homotopic. For the other hand, the map
f is said to be null-homotopic if there exists a map H : X x I — Y satisfying
H(z,0) = f(x) and H(z,1) = p for some p € Y.

A continuum X is said to be:

o Contractible if the identity map on X is null-homotopic.

e Pseudo-contractible if the identity map on X null-pseudo-homotopic.

o g-contractible provided that there exists a an onto map f: X — X
such that f is null-homotopic.

o g-pseudo-contractible provided that there exists a an onto map f : X —
X such that f is null-pseudo-homotopic.

Some results related to these concepts can be consulted in [1], [3], [4], [5]
and [8]. In [1], the following result is proved and suitable examples that show
the converse of each one of the statements fails are presented.

Theorem 2.1. [1l Theorem 3.1, p. 2] Let X be a continuum.

(1) If X is contractible, then X is g-contractible.

(2) If X is contractible, then X is pseudo-contractible.

(3) If X is g-contractible, then X is g-pseudo-contractible.

(4) If X is pseudo-contractible, then X is g-pseudo-contractible.

3. gR-sets

Let X and C be continua. A map H : X x C — X is called a g-pseudo-
deformation if H(X x {a}) = X forsome a € C. Ifamap H: X xI - X
satisfies H(X x {0}) = X, then H is called a g-deformation. Each map H : X X
I — X fulfilling H(z,0) = x for each = € X is called a deformation. Observe
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that each deformation H satisfies H(X x {0}) = X. So, each deformation is
a g-deformation. Since [ is a continuum, if H is a g-deformation, then H is a
g-pseudo-deformation.

A non-empty proper subset K of a continuum X is called:

o g-pseudo-homotopically fized if H(K x C) = H(K x {a}) C X for each
continuum C', for each g-pseudo-deformation H : X x C — X and for
each a € C such that H(X x {a}) = X.

e g-homotopically fizred if H(K x I) = H(K x {0}) € X for each g-
deformation H : X x I — X.

e homotopically fized if H(K x I) = K for each deformation H : X x I —
X.

The following result shows all possible relationships among these concepts.

Theorem 3.1. Let X be a continuum and let K be a non-empty proper subset
of X. FEach one of the following statements holds.

(1) If K is g-pseudo-homotopically fized, then K is g-homotopically fized.
(2) If K is g-homotopically fixed, then K is homotopically fized.
(3) If K is g-pseudo-homotopically fized, then K is homotopically fized.

Proof. We shall prove (1). Let H : X x I — X be a g-deformation. Thus, H
is a g-pseudo-deformation such that H(X x {0}) = X. Since K is g-pseudo-
homotopically fixed, we have H(K x I) = H(K x {0}) € X.

In order to prove (2), let H : X x I — X be a deformation. Then, H is a
g-deformation. Now, from the fact that K is g-homotopically fixed, it follows
that H(K x I) C H(K x {0}) C X.

Finally, (1) and (2) together imply (3). O

In Example [3.6] we will show that the converse of the statements 2. and
that of 3. of Theorem [B.1] are not true.

If a continuum contains a subset which is homotopically fixed, then it is
not contractible (see [2 p. 3.15]). Thus, by Theorem if a continuum
contains a g-pseudo-homotopically fixed subset, then the continuum is not
contractible and so, if a continuum contains a g-homotopically fixed subset,
then the continuum is not contractible. The next result generalizes both facts.

Theorem 3.2. Fach continuum containing a g-homotopically fized subset is
not g-contractible.

Proof. Let X be a continum and let K be a g-homotopically fixed subset of X.

Suppose that X is g-contractible. Thus, there exists amap H : X x [ — X

such that H(X x {0}) = X and, for each € X, H(z,1) = p, for some p € X.

Thus, H is a g-deformation. Since K is g-homotopically fixed, we obtain that

HKxI)=H(K x{0})C X. Let g€ X \ H(K x {0}).
Define G: X x I — X by
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H(z,2t), ift <1,
Gl =9 (g2 - 1), if 1<t

Notice that G is a g-deformation. Thus, G(z,1) € G(K x I) = G(K x {0}) =
H(K x {0}) for each z € X. Therefore, G(¢,1) = H(q,0) € H(K x {0}. A
contradiction. O

Let X and Y be topological spaces such that X NY = ). Given w € X and
u € Y, the quotient space obtained by the partition

Hw,u}} U {{z} 2 € XUY \{w,u}}
of the free union of X and Y (see [10, Definition 3.17, p. 42] for the definition
of the free union of two spaces) is called the adjuntion space and it will be
denoted by (X, u) Vv (Y, w).
It is well known that if X and Y are disjoint continua, then the adjuntion
space (X, w) V (Y,u) is a continuum (see [10, Theorem 3.20, p. 43]).

Theorem 3.3. Each continuum containing a g-pseudo-homotopically fixed sub-
set is not g-pseudo-contractible.

Proof. Let X be a continuum and let K be a g-pseudo-homotopically fixed sub-
set of X. Suppose that X is g-pseudo-contractible. So, there exist a continuum
C, points a,b € C and a map H : X x C — X satisfying H(X x {a}) = X
and H(X x {b}) = {p} for some p € X. Thus, H is a g-pseudo-deformation.
Let ¢ € X \ H(K x {a}). We may assume that X N C = (. Define G :
X x ((C,b) vV (X,p)) = X by

H(xz,t), ifteC,
Gla,t) = t, ifteX.

Notice that G is a map satisfying G(X x {a}) = H(X x {a}) = X. Then G is
a g-pseudo-deformation such that ¢ = G(z,q) € G(K x ((C,b) vV (X,p))) and
q ¢ G(K x {a})). This contradicts the fact that G(K x ((C,b) V (X,p)) =
G(K x {a}). O

Let X be a continuum and let {A,, },cn be a sequence of non-empty subsets
of a space X. The limit inferior of {A,}nen, denoted by liminf A, is the set
of all z € X such that there exists a sequence {z,}nen in X converging to x,
with x,, € A, for every n € N. The limit superior of {A,}nen, denoted by
limsup A, is the set of all z € X such that there exist an increasing sequence
{nk}ren in N and a sequence {z,, }ren such that limz,, =z and z,, € A,,
for each k£ € N.

A non-empty closed proper subset K of a continuum X is called an R>-set
if there exist an open subset U of X containing K and a sequence {Cp, }nen €
Comp(U) such that K = liminf C,,. By [2, Theorem 2.3 and Corollary 2.5, p.
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310], if a continuum contains an R'-set (see [2, Definition 2.2, p. 310]), then
such continuum contains a R3-set too.
The following result are related with the above definitions.

Theorem 3.4. [2| Theorem 3.2, p. 315] Let X be a continuum and let K be a
proper subset of X. If K is an R>-set, then K is homotopically fized.

Theorem 3.5. [5, Theorem 4.3, p. 366| If a continuum X contains an R3-set,
then X s not pseudo-contractible.

The continuum described below shows that the converse of 2. and that of 3.
in Theorem are not true. We will use the following notation. If u, w € R2,
we denote by uw the straight line segment with end points v and w. We define
¢ : R? — R? as the map obtained by the reflection through the origin.

Two continua X and Y are said to be continuosly equivalent if there exist
twoontomaps p: X =Y and ¢: Y — X.

Example 3.6. Let a = (—1,0), p = (0,0) and d,, = (0, 1) for each n € N. Let
Fyr be the harmonic fan defined by:

Fy = (U ady) U ap
neN

Let Yy be the continuum defined by:

YH:FHU¢(FH)

Notice that {p} is an R3-set of Y. Therefore, by Theorem {p} is homo-
topically fixed.

Since Yp is continuously equivalent to Fy and Fpy is g-contractible, then
by [3, Remark 2.15, p. 464]), Yy is g-contractible. By Theorem {p} is not
a g-homotopically fixed subset of Yy. Furthermore, applying [1, Theorem 3.1,
p. 2], we can conclude that Yy is g-pseudo-contractible. Invoke Theorem
to conclude that {p} is not a g-pseudo-homotopically fixed subset of Y.

A non-empty proper closed subset K of a continuum X is called gR — set
of X if for each onto map f : X — X there exist a proper open subset U of X
and a sequence {C, }nen in Comp (U) such that:

(1) K € f~1(U);

(2) K Climinf f=1(C,); and

(3) liminf C,, C f(K).
Observe that if K is a gR-set of a continuum X, then K is a R3-set of a
continuum X . In the following example we will show the existence of gR-sets.
The example appears in [3]. Here we repeat the construction for our purposes.

Example 3.7. Let Fy and Yy be the continua described in Example Let
{Dy, }nen be a sequence of fans pairwise disjoint, which are homeomorphic to
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Fp and the sequence of diameter {diam(D,,)},cn converges to 0. We define
the continuum Xy by:

Xp =Fp U (| Dn),
neN
where, we identify the vertex of D,, with d,, for each n € N.
The continuum W is defined by

W:XHUQb(XH)

(See Figure 1). Now, we denote F,, = ¢(D,,) and e,, = ¢(d,,) for each n € N.

We shall prove that {p} is a gR-set. Let f : W — W be an onto map.
Set U = W\ {a,¢(a)}. Then U is an open subset of W. For each n € N,
let Cop—1 = Dy U (ady \ {a}) and Cs, = E, U (¢(a)e, \ {#(a)}). Thus,
{Cr}nen is a sequence of components of U. By [3| Lemma 4.15, p. 472,
p € limsup f~!(e,)Nlimsup f~*(d,). Therefore, f(p) = p € U. It follows that
p € f~1(U). Notice that liminf C,, = {p}. So, 1) and 3) hold. Finally, we claim
that p € liminf f~1(C,). We define Lo, 1 = NLC(D,,), L2, = NLC(E,) and
Ly = NLC(a¢(a)). Now, take w, € L, for each n € N. Then {wy,}nen
is a sequence such that limw, = p. Since U,cyLn € f(U ey Ln) (see [8
Lemma 2, p. 2180]), there exists a sequence {z,}nen in U, ey Ln such that
f(zn) = w, € L, C C,,. We will prove that limz, = p. Suppose that there
exists m € NU {0} such that J = {n € N: z, € L,,} is an infinite set. The
fact that L,, is a locally connected subcontinuum of W implies that f(L,,) is a
locally connected subcontinuum of W satisfying that {w, : n € J} C f(L,,), a
contradiction. Thus, if m € NU {0}, then either J,, ={n € N:z, € L,,} is a
finite set is an empty set. Let {m}3; be the increassing sequence consisting
of all elements of {m € N : J,, # 0}. Now, let V be an open subset in W
such that p € V. Since lim L,,, = {p}, there exists ko € N such that L,,, CV
for each k& > kg. Finally, let N = max U,K,~C0 Jm,- Take n > N. Then
zn € Upen Lmy \ Uger, Lmy,- Thus, there exists j € N such that j > ko and
Zp € Ly, C Ly, C V. Hence, limz, = p and {p} C liminf f~(C,). The
proof is ccj)mpletedj.

Theorem 3.8. Each gR-set in a continuum is g-pseudo-homotopically fized.

Proof. Let X be a continuum such that X contains a gR-set K. Suppose that
there exist a continuum C, a point ¢ € C'and amap H : X x C' — X such that
such that H(X x {a}) = X and H(K x C) is not contained in H(K x {a}).
Then, there exists (z,s) € K x C such that H(z,s) ¢ H(K x {0}). Define the
map f: X — X by f(z) = H(z,a). Notice that f is an onto map. Since K is
a gR-set, there exist a proper open subset U in X and a sequence {C), }en in
Comp(U) such that K C f~}(U), K C liminf f~1(C,) and liminf C,, C f(K).

Let S be an open subset of X such that H(K x {a}) € S C S C U and
H(z,s)¢8S.
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FIGUrE 1. Continuum W.

Let A={ce C: H(Kx{c}) CS)}. Observethat a € Aand s € C\ A. Now,
we shall prove that A is an open subset of C. Let v € A. Then H(K x{u}) C S.
From the continuity of H and the Tube Lemma [9, Lemma 26.8, p. 168], it
follows that there exist open subsets V; and V5 of X and of C, respectively,
such that K x {u} C Vi x Vo C H71(S). Thus, u € Vo C A. Therefore, A is a
non-empty proper open subset of C.

Let M be the component in A such that « € M. Then, H(K x M) C S.
This implies that H(K x M) C S CU.

Let y € K. Since K C liminf f~*(C,,), there exists a sequence {y, }nen in X
satisfying f(y,) € C,, for each n € N and limy,, = y. Therefore, lim H ({y, } X
M) = H({y} x M) C S CU. We may assume that each H({y,} x M) C U.
Since f(yn) € Cyn and f(yn) = H(yn,a) € H({yn} x M) € U, we have that
H({yn} x M) C C,. Thus, H({y} x M) = liminf H({y,} x M) C liminf C,, C
f(K) = H(K x {a}) € S. This implies that H(K x M) C S. Therefore,
M C A, this contradicts the Boundary Bumping Theorem |10, Theorem 5.7,
p. 75]. In conclusion, K is g-pseudo-homotopically fixed. O

Theorem 3.9. Fach gR-set in a continuum is g-homotopically fized.

Proof. Let X be a continuum such that X contains a gR-set K. We shall show
that K is g-homotopically fixed. Seeking a contradiction, suppose that there
exists a g-deformation H : X x I — X such that H(K x I) is not contained in
H(K x {0}). Then, there exists (z,s) € K x I satisfying that

H(z,s) ¢ H(K x {0}).

Define the map f : X — X by f(x) = H(z,0). Notice that f is an onto
map. Since K is a gR-set, there exist a proper open subset U in X and a
sequence {C), }nen in Comp(U) such that K C f~1(U), K C liminf f~1(C,)
and liminf C,, C f(K).

Since X is a continuum and H (K x {0}) is a closed subset of X, there exists
an open subset S of X such that H(K x{0}) C S C S CU and H(z,s) € X\S.
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Let t, = sup{t € I : H({p} x [0,¢])
r =inf{t, : p € K}. Then, H(K x [0,7])

Since H(z,s) ¢ S, t. < s < 1. So, r < 1. Now, there exists a sequence
{Pn}nen in K such that the sequence {t,, }nen converges to r. By the com-
pactness of K we may assume that {p, } converges to some ¢ € K.

Observe that if p € K and t, < 1, then H(p,t,) € Bd(S). Now, since
lim¢, =r and r <1, we can suppose that each ¢, < 1. Thus,

H(pn,tp,) € BA(S)

for each n € N. From the continuity of H and the fact that Bd(S) is a closed
subset of X, it follows that H(q,r) € Bd(S). Hence, r > 0 and H(q,r) ¢
H(K x {0}).

The inclusion K C liminf f~1(C,,) ensures that there exists a sequence
{@n}nen in X such that g, € f~(C,) for each n € N and lim q,, = ¢ (see |10}
Theorem 4.11, p. 57]). From the continuity of H,

lim(H ({g,} x [0.]) = H({q} x [0,r]) €S C U.

So, there exists N € N such that H({¢,} x [0,r]) C U for each n > N. Since
f(qn) € Cy,, and f(qn) € H{gn} % [0,7]) C U, we have that H({g,} x [0,7]) C
C,, for each n > N. Therefore,

S} for each point p € K and let
S.

N 1N

H(q,r) € H{{q} x [0,7]) = lim(H ({¢gn} x [0,7]) C liminf C,, C H(K x {0}).
This is a contradiction. We deduce that K is g-homotopically fixed. O

The following result is an immediate consequence to combine Theorems |3.3
and [3.8]and to combine Theorems [3.2] and respectively.
Theorem 3.10. If a continuum X contains a gR-set then:
(1) X is not g-pseudo-contractible.
(2) X is not g-contractible.
By [1, Theorem 3.17, p. 5] and Theorem we have the following result.

Theorem 3.11. Let X and Y be continua. If X contains a gR-set and X and
Y are continuosly equivalent, then Y is not g-pseudo-contractible.

4. gR-sets with respect to

Let X,Y and Z be topological spaces and let «: X — X andv:Y — Y be
onto maps. We say that:

e the map v l-p-nulls Z (I-nulls Z ) provided that for eachmap f : Z — Y,
~ o f is null-pseudo-homotopic (null-homotopic); and

e the map « r-p-nulls Z (r-nulls Z ) provided that for each map f: X —
Z, f o« is null-pseudo-homotopic (null-homotopic).
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The space X is called left g-pseudo-contractible with respect to 'Y (left g-
contractible with respect to Y') if there exists an onto map v : Y — Y such
that v l-p-nulls X (l-nulls X). We say that X is right g-pseudo-contractible
with respect to Y (right g-contractible with respect to Y') if there exists an
onto map « : X — X such that « r-p-nulls Y (r-nulls ). In Example
and Example we will show that the concept of right g-pseudo-contractible
with respect to is not equivalent to the concept of left g-pseudo-contractible
with respect to. The reader interested in general properties of these concepts
is referred to [1].

Let X and Y be spaces. We say that X is pseudo-contractible (contractible)
with respect to'Y provided that every map f : X — Y is null-pseudo-homotopic
(null-homotopic).

Theorem 4.1. Let X and Y be continua.

(1) If X is pseudo-contractible, then X is right (left) g-pseudo-contractible
with respect to Y .

(2) If X is pseudo-contractible, then Y is right (left) g-pseudo-contractible
with respect to X.

Proof. We shall prove (1). By [4, Theorem 29, p. 64|, we have that X is
pseudo-contractible with respect to Y. Thus, each map f : X — Y is null-
pseudo-homotopic. This implies that the f oidx and idy o f are null-pseudo-
homotopic for each map f : X — Y. We infer that idx r-p-nulls Y and idy
l-p-nulls X. Therefore, X is right g-pseudo-contractible with respect to Y and
X is left g-pseudo-contractible with respect to Y.

In order to prove that idy r-p-nulls X and idx l-p-nulls Y,let g: Y — X be a
map. Applying [4, Theorem 29, p. 64], we obtain that Y is pseudo-contractible
with respect to X. Thus, g is null-pseudo-homotopic. This implies that the
goidy and idx o g are null-pseudo-homotopic. Then, idy r-p-nulls X and idx
l-p-nulls Y. In conclusion, Y is right g-pseudo-contractible with respect to X
and Y is left g-pseudo-contractible with respect to X. This shows (2). (]

Since each contractible continuum is pseudo-contractible (see Theorem [2.1J),
the following result is an immediate consequence of Theorem (4.1

Corollary 4.2. Let X and Y be continua.

(1) If X is contractible, then X is right (left) g-pseudo-contractible with
respect to Y .

(2) If X is contractible, then Y is right (left) g-pseudo-contractible with
respect to X.

In the rest of this section, we will give necessary conditions to obstruct left
(right) g-pseudo-contractible with respect to. To this end, we introduce the
following definitions.

Let X and Y be continua. A proper subset K of X is left g-p-homotopically
fized of X with respect to Y (right g-p-homotopically fized of X with respect
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to Y) if for each onto map f : ¥ — Y (f : X — X) there exists a map
h: X — Y such that for each continuum C and for each map G: X xC — Y
such that G(z,a) = f(h(x)) (G(z,a) = h(f(z))) for some a € C, we have
GK xC)=G(K x{a}) €Y. Iffor eachontomap f: Y =Y (f: X = X)
there exists a map h : X — Y such that for each map G : X x I — Y such that
G(z,0) = f(h(x)) (G(x,0) = h(f(z))) the inclusions G(K xI) = G(K x{0}) C
Y holds, then we say that K is right g-homotopically fixed of X with respect to
Y (left g-homotopically fized of X with respect to 'Y ).

Theorem 4.3. Let X andY be continua. If there exists a left g-p-homotopically
fixed subset K of X with respect to Y, then X is not left g-pseudo-contractible
with respect to Y.

Proof. Suppose to the contrary that X is left g-pseudo-contractible with re-
spect to Y. Thus, there exists an onto map v : Y — Y such that v l-p-nulls
X. Now, since K is a subset left g-p-homotopically fixed of X with respect
to Y, there exists a map h : X — Y such that for each continuum D and for
each map T : X x D — Y such that T(z,u) = f(h(z)) for some u € D, we
have T(K x D) = T(K x {u}) € Y. From the fact that v l-p-nulls X, there
exist a continuum C, points a,b € C and a map G : X x C — Y such that
G(z,a) = vyo h(z), G(z,b) = q for each x € X and for some ¢ € Y. Observe
that v o h(K) = G(K x {a}) € Y. Thus, there exists p € Y \ yo h(K). We
may assume that CNY = (. We define H : X x ((C,b) V (Y,q)) = Y by

G(z,t), ifteC,
H(z,t) =
t, iftey.
Thus, H is a map such that H(z,a) = G(z,a) = vy o h(z). The assumption on
h implies that H(K x ((C,b) V (Y,q))) = H(K x {a}) C Y. Hence, if z € K,
then p = H(z,p) € H(K x ((C,b) Vv (Y,q))) = (Kx{a}) fvoh( ), a
contradiction. (I

The proof of the following result is essentially the same that of Theorem [4.3]
we include it for the sake of completeness.

Theorem 4.4. Let X be a continuum, let K be a subset of X and let Y be
an arcwise-connected continuum. If K is right g-homotopically fized of X with
respect to Y, then X is not right g-contractible with respect to Y .

Proof. Suppose that X is right g-contractible with respect to Y. Let o : X —
X be an onto map such that a r-p-nulls Y. Since K is right g-homotopically
fixed of X with respect to Y and « is an onto map, there existsamap h: X =Y
satisfying that if 7 : X x I — Y is a map such that T'(z,0) = h o a(z), then
T(K xI)=T(K x {0}) CY. From the fact that « r-p-nulls Y, it follows that
h o a is null-homotopic. Thus, there exists a map G : X x I — Y such that
G(z,0) = hoa(x) and G(z,1) = g for some ¢ € Y. By the assumption on h,
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we have G(K x I) =G(K x{0}) CY. Let pe Y\G(K x{0}). Let 0 : I = Y
be a map such that ¢(0) = ¢ and o(1) = p. Define H: X x I — Y by

G(z,2t), ift<i,
H(z,t) =
o(2t—1), ift>1.

Note that H is a map such that H(z,0) = G(z,0) = hoa(x) and H(z,1) = p.
Then, H(K x I) = H(K x {0}) C Y. Since p € H(xz,1), we obtain p €
H(K x {0}) = G(K x {0}), a contradiction. O

The proof of the following two results is similar to Theorem and Theo-
rem respectively.

Theorem 4.5. Let X andY be continua. If there exists a right g-p-homotopically
fized subset K of X with respect to' Y, then X is not right g-pseudo-contractible
with respect to Y.

Theorem 4.6. Let X be a continuum, let K be a subset of X and let Y be
an arcwise-connected continuum. If K is left g-homotopically fized of X with
respect to Y, then X is not left g-contractible with respect to 'Y .

Definition. Let X and Y be continua and let K be a proper closed subset of
X. We say that K is a right gR-set of X with respect to Y if for each onto map
f: X — X there exist a map h : X — Y, a non-empty open proper subset U
of Y and a sequence {C, }nen in Comp(U) satisfying:

(r1) K C (ho ) (V).

(r.2) K Climinf(ho f)~1(C,).

(r.3) liminf C,, C (ho f)(K)

We say that K is a left gR-set of X with respect to Y if for each onto map
f:Y = Y there exist a map h: X — Y, a non-empty open proper subset U
of Y and a sequence {C, }nen in Comp(U) satisfying:

(L1) K C(foh) (V).

(1.2) K Climinf(foh)~YCy).

(L.3) liminf C,, C (f o h)(K).

Theorem 4.7. Let X and Y be continua and let K be a subset of X. If K is
a left gR-set of X with respect to Y, then K is left g-p-homotopically fixed of
X with respect to Y.

Proof. Let f:Y — Y be an onto map. There exist amap h : X — Y, a proper
open subset U of Y and a sequence {C,, } ,en in Comp(U) satisfying ,
and

Now, let C be a continuum, ¢ € C and let G : X x C' — Y be a map such
that G(z,a) = f(h(z)). By[L.1)] G(K x {a}) = f(h(K)) CU C Y. Seeking a
contradiction, assume that G(K x C)\ G(K x {a}) # 0. Let (2,s) € K x C
such that G(z,s) ¢ G(K x {a}).
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Let V be a non-empty open subset of Y such that f(h(K)) CV CV CU
and G(z,s) ¢ V. We define A = {c € C : G(K x {c}) C V}. Observe that
a € Aand A C C\ {s}. Now, we shall prove that A is an open subset of
C. Let y € A. Then G(K x {y}) C V. Thus, K x {y} € G7'(V). The
continuity of G and the Tube Lemma [9] Lemma 26.8, p. 168] together imply
that there exist open subsets V; and Vo of X and C, respectively, such that
K x{y} C Vi xVa C G V). Then, y € Vo C A. In conclusion, A is an
non-empty proper open subset of C.

Let M be the component of A such that a € M. Thus, G(K x M) C V.
This implies G(K x M) C V.

Let w € K. By there exists a sequence {w,}ey in X such that
f(h(wy,)) € C,, for each n € N and limw, = w. Thus, lim G({w,} x M) =
G({w} x M) CV C U. Hence we may assume that each G({w, } x M) C U.
Since f(h(wy)) = G(wp,a) € G{w,} x M) C U, G({w,} x M) is connected
and f(h(w,)) € C, for each n € N, each G{w,} x M) C C,. Applying
[(1.3) we obtain G({w} x M) = limG({w,} x M) C liminf C,, C f(h(K)) =
G(K x {a}) C V. Therefore, G(K x M) C V. Then, M C A. This condi-
tion contradicts the Boundary Bumping Theorem [10, Theorem 5.7, p. 75]. In
conclusion G(K x C) C G(K x {a}). O

Similar arguments in the proof of last result prove the next one.

Theorem 4.8. Let X and Y be continua and let K be a subset of X. If K is
a right gR-set of X with respect to Y, then K is right g-p-homotopically fized
of X with respect to 'Y .

The following result is an immediate consequence of to apply Theorems |4.3]

5] (7 and (15

Theorem 4.9. Let X and Y be continua and let K be a subset of X. If K is
left (right) gR-set of X with respect to Y, then X is not left (right) g-pseudo-
contractible with respect to Y.

Theorem 4.10. Let X, D and Y be continua. If X contains a right gR-set
with respect to'Y and X is continuosly equivalent to D, then D contains a right
gR-set with respect to Y .

Proof. Let K be a right gR-set of X with respect to Y. Since X and D are
continuosly equivalent, there exist onto maps p: X — D and ¢ : D — X. We
shall prove that p(K) is a right gR-set of D with respect to Y.

Let f : D — D be an onto map. Then, ¢ o fopu: X — X is an onto map.
So, there exist a map h : X — Y, a non-empty proper open subset U of Y,
and a sequence {C,}nen in Comp(U) such that K C (ho (¢o fopu)) 1 (U),
K Climinf(ho(¢o fopu))~1(C,) and liminf C,, C (ho(¢o fou))(K). Define
t = ho ¢ to obtain a map from D to Y such that u(K) C (to f)~1(U),
K C liminf(t o f o u)~*(Cy) and liminf C,, C (t o f)(u(K)). Finally, the
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condition K C liminf(to f o u)~1(C,,) and the continuity of y together imply
u(K) Climinf(t o f)~1(C,). This finishes the proof. O

The following result is a consequence of [1, Theorem 4.10, p. 9] and Theo-

rem [4.91

Theorem 4.11. Let X, D and Y be continua. If X contains a left gR-set
with respect to Y and Y is continuosly equivalent to D, then X is not left
g-pseudo-contractible with respect to D.

By Theorem [4.9] and Theorem we have the following result.

Theorem 4.12. Let X, D and Y be continua. If X contains a right gR-set
with respect to Y and X is continuosly equivalent to D, then D is not right
g-pseudo-contractible with respect to Y .

The proof of the next two results follows from Theorem [.9]and [1, Theorem
4.12 and Theorem 4.15, pp. 9, 10].

Theorem 4.13. Let X and Y be continua and let A be a retract of X. If A
contains a left gR-set with respect to Y, then X is not left g-pseudo-contractible
with respect to Y .

Theorem 4.14. Let X and Y be continua and let A be a pseudo-deformation
retract of X. If X contains a left gR-set with respect to Y, then A is not left
g-pseudo-contractible with respect to Y .

By applying Theorem and [1, Theorem 4.14 and Theorem 4.15, p. 10]
we prove the following two results.

Theorem 4.15. Let X and Y be continua and let B be a retract of Y. If
X contains a right gR-set with respect to B, then X is not right g-pseudo-
contractible with respect to Y .

Theorem 4.16. Let X and Y be continua and let B be a pseudo-deformation
retract of Y. If X contains a right gR-set with respect to Y, then X is not
right g-pseudo-contractible with respect a B.

The result below follows from to apply [1, Theorem 4.6, p. 8] and Theorems
and

Corollary 4.17. Let X and Y be continua. Each one of the following condi-
tions implies that Y is non-g-pseudo-contractible.
(1) There exists a left g-p-homotopically fized subset of X with respect to
Y.
(2) There exists a left gR-set of X with respect to Y.
(3) There exists a retract A of X such that A contains a left gR-set with
respect to Y .

By [1, Theorem 4.6, p. 8] and Theorems and [4.15] we have the
following result.
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Corollary 4.18. Let X and Y be continua. Each one of the following condi-
tions implies that X is non-g-pseudo-contractible.

(1) There exists a right g-p-homotopically fized subset of X with respect to
Y.

(2) There exists a right gR-set of X with respect to Y .

(8) There ezists a retract B of Y such that X contains a right gR-set with
respect to B.

The following example shows the existence of left gR-set, the condition of
being right g-pseudo-contractible with respect to a space does not imply the
condition of being left g-pseudo-contractible with respect to the same space
and that the converse of [1, Theorem 4.12, p. 9] is not true.

Example 4.19. Let W be the continuum defined in Example[3.7] There exists
a continuum Y satisfying the following conditions:

(1) The continuum Y is right g-pseudo-contractible with respect to W.

(2) {p} is a left gR-set of Y with respect to W.

(3) The continuum Y is not left g-pseudo-contractible with respect to W.

(4) There exists a retract A of Y such that A is left g-pseudo-contractible
with respect to W.

First we will define the continuum Y. Consider the continuum Fy defined
in Example Now, let d,, be the point (ﬁ, %) for each n € N. We define
the continuum

F=FyU(|J dad,).
neN
Finally the continuum Y is defined by Y = F U ¢(F).

Note that the continuum Y is g-contractible. By [I, Theorem 4.6, p. 8], ¥
is right g-contractible with respect to W. This proves (1).

To show (2)., let f : W — W be an onto map. Let i : Y — W be the
inclusion map and let U = W \ {a,#(a)}. Thus, U is an open subset of W.
Now, for each n € N, let Co,,—1 = ad, U D,, \ {a} and let Co,, = ¢(a)d(dn) \
¢(a) Up(Dy). We have that {C), }nen is a sequence in Comp(U).

Note that f(i(p)) = p € U and liminf C,, = {p}. Thus, and are
satisfied.

From [8, Lemma 2, p. 2180], it follows that there exists a sequence {z, }nen
in X such that lim z,, = p and, 2z, € NLC(W) and f(z,) = d, for each n € N.
Since ¢ is the inclusion map, i(z,) = z,. Hence, f(i(z,)) = f(z,) = d,, and
2p € (foi)~Y(C,) for each n € N. Thus {p} C liminf(foi)~1(C,). Therefore,
{p} is a left gR-set of Y with respect to W.

Invoke Theorem to show (3). Finally, we shall prove (4). Let A =
[-1,1] x {0} and let 7 : Y — A be the map defined by 7 (y, z) = (y,0). Notice
that 7 is retraction and A is contractible. By Corollary A is left g-pseudo-
contractible with respect to W .
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The following example shows that there exist right gR-sets, the condition
of being left g-pseudo-contractible with respect to a space does not imply the
condition of being right g-pseudo-contractible with respect to the same space
and that the converse of [1, Theorem 4.14, p. 10] fails.

Example 4.20. The continua W and Y defined in Example[3.6|and Example
satisfy the following statements:

(1) The continuum W is left g-pseudo-contractible with respect to Y.

(2) {p} is a right gR-set of W with respect to Y.

(3) The continuum W is not right g-pseudo-contractible with respect to
Y.

(4) There exists a retract A of Yy such that W is right g-pseudo-contractible
with respect to A.

In Example we argue that Yy is g-contractible. By [l Theorem 4.6,
p. 8], W is left g-contractible with respect to Yz. This proves (1).

In order to show (2), let f: W — W be an onto map. Let h: W — Yy be a
retraction and let U = Y \ {a, ¢(a)}. Then, U is an open subset of Y. For each
n €N, let Cyp—1 = ady, \ {a} and Ca, = ¢(a)p(dy) \ {¢#(a)}. Thus {C), }nen is
a sequence in Comp(U).

By [3, Lemma 4.15, p. 472|, p € limsup f~!(e,) Nlimsup f~1(d,). There-
fore, f(p) = p. Then, h(f(p)) = p € U. Furthermore, liminf C,, = {p}. Thus,
and are satisfied.

Now, we shall prove that {p} C liminf(h o f)~%(C,). Notice that d,, € C,
for each n € N. Since h is a retraction, h(d,) = d,, for each n € N. By [8|
Lemma 2, p. 2180, there exists a convergent sequence {z, }nen to p such that
Zn € m) and f(z,) = d,, for each n € N. Hence, h(f(z,)) = h(d,) =
dy € Cyp. So, 2, € (ho f)~%(C,). This proves |(r.2), Therefore, {p} is right
gR-set of W with respect to Yg. By Corollary we conclude (3).

Let A =[-1,1] x {0} and let 7 : Yy — A be the map defined by n(y, z) =
(y,0). So, the arc A is a retract of Yy. Apply Corollary to conclude that
W is right g-pseudo-contractible with respect to A. This prove (4).
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Conclusiones

Este proyecto tuvo por resultado dos articulos relacionados al concepto de
g-contractibilidad. El primero de ellos es llamado On g-pseudo-contractibility
of continua y esta publicado en la revista Topology and its Applications. En
este articulo se define el concepto de g-pseudo-contractibilidad el cual ge-
neraliza las nociones de g-contractibilidad y pseudo-contractibilidad. Este
nuevo concepto se introduce como una herramienta para el estudio de la g-
contractibilidad de un continuo. En el desarrollo de este articulo se prueba
que dichas nociones son distintas. Ademas, se puede observar que existen re-
sultados en el estudio de contractibilidad de un continuo que son preservados
a el estudio de la g-pseudo-contractibilidad de un continuo. Algunos otros
resultados nicamente se garantizan para los continuos contractiles o para
los continuos g-pseudo-contractiles. En la segunda parte de este articulo se
introduce la propiedad de ser g-pseudo-contractil con respecto, la cual se re-
laciona con la propiedad de ser g-contractil con respecto. Se dan propiedades
generales de dicho concepto con las cuales es posible determinar cuando un
continuo no es g-pseudo-contractil.

El segundo articulo fue enviado a la revista Journal of the Korean Mat-
hematical Society con el nombre de gR-sets and g-pseudo-contractibility. Un
problema general en topologia es hallar condiciones que implican la no con-
tractibilidad de un espacio. El objetivo de este articulo fue dar condiciones
necesarias para que un continuo no sea g-pseudo-contractil y por tanto tam-
poco sea g-contractil, pseudo-contractil o contractil. Por esta razon se definen
los conceptos de g R-conjunto y g R-conjunto con respecto, los cuales son una
clase de subconjuntos que obstruyen la g-pseudo-contractibilidad de un con-
tinuo.
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Este trabajo genera una nueva linea de investigacién dentro de la Teoria
de Continuos, en la cual atin hay un extenso terreno por explorar de donde
se pueden obtener resultados interesantes.
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resultados de busquedas, el documento y los metadatos de
|:| depésito NO seran visibles para los usuarios.

Para el caso de nivel de acceso Restringido, Cerrado o Embargo, se debera
contar con un motivo y fecha de término por el nivel de acceso elegido.

Asi mismo, conozco y acepto los términos del aviso de privacidad de 1la
UAEMex, mismo que puede ser consultado en
http://web.uaemex.mx/avisos/Aviso_Privacidad.pdf; en este mismo acto
otorgo mi consentimiento, para que la Universidad Auténoma del Estado de
México, haga publicos mis datos personales referentes a nombres, espacio
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académico, opiniones y/o conclusiones vertidas en el presente trabajo de
investigacion (tesis de grado y posgrado, articulos, 1libros, capitulos y
cualquier trabajo académico) derivado de 1las obligaciones comunes 'y
especificas que se tiene como Sujeto Obligado en materia de Trasparencia
y en cumplimiento a la Ley de Proteccion de Datos Personales en Posesidn
de Sujetos Obligados

En pos a la proteccién de datos personales de terceros, y en cumplimiento
a la Ley de Protecciéon de Datos Personales en Posesion de Sujetos
Obligados, estoy de acuerdo para que la tesis de mi autoria no contenga
documentos donde se visualicen datos personales sensibles que puedan
afectar a terceros; tales documentos como voto aprobatorio, aceptaciodn
de tesis, dedicatorias, agradecimientos, mismos que, de no ocultarlos,
seran visibles en el Repositorio Institucional de la Universidad autdnoma
Del Estado de México, haciéndome responsable de los mismos y sin previo
permiso de los terceros

Firmo de Conformidad y bajo protesta de decir verdad

Nombre y Firma: Lucero Madrid Mendoza %

No. De Cuenta: 0410532

NOTA: Esta carta, toda vez que el autor registre los campos de llenado y
las firmas correspondientes, debe digitalizarse y adjuntarse en el
depésito del Repositorio Institucional de la Universidad Auténoma del
Estado de México; misma que no sera visible para consulta.

Conozco y acepto los términos de privacidad de la
Universidad Autdénoma del Estado de México
http://web.uaemex.mx/avisos/Aviso Privacidad.pdf
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Hoja de datos del autor

Nombre: Lucero Madrid Mendoza

Numero de cuenta (en caso de aplicar):
0410532

Grado académico: Doctorado

Programa educativo de procedencia (aplica solo en tesis):Posgrado en Ciencias
(Matematicas)

Institucion donde 1labora:
UAEMex

Domicilio: Facultad de
Ciencias UAemex

Teléfono/Fax: 722 380 81 81

Correo electrénico (preferentemente correo institucional):

Imadridm853@profesor.uaemex.mx

Lucero Madrid Mendoza

Nombre y firma
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Toluca, México a 11 de enero de 2021

Hoja de datos del Autor

Nombre: Félix Capulin Pérez
Numero de cuenta:

Grado Académico: Doctorado
Program educativo: de procedencia:

Institucién donde labora: Facultad de Ciencias UAEMEX

Domicilio: Facultad de Ciencias

Teléfono: 7222965554

Correo electroénico: fcp@uaemex . mx

Félix Capulin Pérez
Nombre y firma
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Toluca, México a 11 de enero de 2021

Hoja de datos del Autor

Nombre: David Maya Escudero
Numero de cuenta:

Grado Académico: Doctorado
Program educativo: de procedencia:

Institucidén donde labora: Facultad de Ciencias UAEMEX

Domicilio: Facultad de Ciencias

Teléfono: 722 169 93 06

Correo electrénico: dmayae@uaemex.mx
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David Maya Escudero

Nombre y firma
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Hoja de datos del Autor

Nombre: José Guadalupe Anaya Ortega
Numero de cuenta:

Grado Académico: Doctorado
Program educativo: de procedencia:

Institucién donde labora: Facultad de Ciencias UAEMEX
Domicilio: Facultad de Ciencias

Teléfono: 7222965554

Correo electroénico: jgao@uaemex .mx
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José a upe” Anaya Ortega
7 Nombre y firma

Nota: para el caso de que sean mds de un autor, se debera imprimir esta ultima hoja de
“datos del autor” en relacién al numero de autores.
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Nota: para el caso de que sean mds de un autor, se debera imprimir esta dltima hoja de
“datos del autor” en relacién al numero de autores.

Esta informacién es recabada con fines administrativos

Conozco y acepto los términos de privacidad de 1la
Universidad Autdénoma del Estado de México
http://web.uaemex.mx/avisos/Aviso_Privacidad.pdf
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